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Abstract. We study the principal parts bundles V'^Op^{d) as 
homogeneous bundles and we describe their associated quiver rep- 
resentations. With this technique we show that if n > 2 and 
< d < k then there exists an invariant splitting V^Opn[d) = 
Qk,d ffi [S'^V ® Opn) with Qk,d a stable homogeneous vector bun- 
dle. The splitting properties of such bundles were previously known 
only for n = 1 or A: < c? or 0? < 0. Moreover we show that the Taylor 
truncation maps H°V''Ov-{d) — ^ H"P''-Op,.{d), defined for any 
h < k and any d, have maximal rank. 



1. Introduction 

The principal part sheaves V^{J^) were defined by Grothendieck in [8] 
for any relative scheme X — and any Ox-module J-". In the context 
of differential geometry and J-" a vector bundle on X, they are also 
known as the bundles of k-jets of sections of J-". Grothendieck uses p.p. 
sheaves in his definition of the sheaf of 1-differentials ^Ix/s and to define 
linear differential operators between Ox-modules and introduce the 
universal property of p.p. sheaves with respect to differential operators. 

It is not trivial to understand the structure of p.p. sheaves already 
in the case of X = P(^), a projective space over an algebraically 
closed field. In this context the simplest sheaves J-" to consider are the 
line bundles (9pn((i). In the article [19j projective spaces and abelian 
varieties were shown to be the only projective varieties for which there 
exists a line bundle L such that V^{L) = M®'' for some k, with M 
another line bundle. In [T7] and [12], [13] one can find many results 
on the structure of V^{L) for L a line bundle on a toric variety or a 
homogeneous space, respectively. In the cited papers the splitting type 
of V^O^n[d) for A; < d or d < is calculated. For example it is shown 
that V^O^n{d) = S'^V ® Opr^{d - k) for d > k. On the other hand 
we have not been able to find any reference for the splitting type of 
V^Ofn[d) in the cases when n > 2 and > > in the existing 
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literature. The aim of this paper is to fill that gap, by proving the 
following theorem. 

Theorem 1.1. If n > 2 and k > d > one has V^Ov^{d) = Qk,d © 
{S'^V ® Opn), with Qk,d 0' stable homogeneous vector bundle on P". 
Moreover, for any k > d > 0, Qk,d admits a Sl{n + l)-invariant fil- 
tration = Ffc+i C Ffc C ■ ■ ■ C Fd+i = Qk,d with quotients Fi/Fi+i = 

We are also interested in understanding the Taylor truncation maps 
Tfc,/i : V''Ofn(d) — ^ V^Opn^d), with k > h, in view of possible ap- 
plication to differential algebra questions. In this context we get the 
following result. 

Theorem 1.2. For any k > h andd the Taylor truncation map induces 
a linear map r : H^V''Opn{d) ^ H^V^Own{d) with maximal rank. 

Besides the interest in completing the previously known results on 
p.p. bundles on projective spaces, our motivation comes also from 
the hope that p.p. bundles of type V^Oxiji) with A; > 1 and > 
on a smooth projective variety X might be useful in the study of the 
embedding X C P^. We recall that the canonical surjective mor- 
phism V^Op(y){l)\x = V ® Ox — ^V^Ox{^) gives rise to a map 
P(P^(!?x(l)) — ^P(^) whose image is the tangential variety Tan(X), i.e. 
the union of the projective tangent spaces of X. This observation has 
been considered in the literature, implicitly or explicitly, for example 
in the articles [5], [I], in the study of properties of the embedding of X, 
and in the monograph [7], in the definition of the discriminants of alge- 
braic varieties. In our opinion it is possible that interesting geometrical 
interpretations and applications might arise also from the higher p.p. 
bundles V^Ox{d) with > 1, in the near future. 

In section [2] we recall those properties of p.p. sheaves that we will 
need later and in section [3] we give a survey of the theory of quiver 
representations associated with homogeneous vector bundles on pro- 
jective spaces, giving also proofs to some useful technical results which 
are not easy to find in the existing literature. We provide the proofs of 
Theorems 11.11 and 11.21 in sections H] and El respectively. 

Acknowledgements. I wish to express my gratitude to Alberto Alzati 
for his hospitality at the Department of Mathematics of the University 
of Milan and for many nice mathematical discussions during the prepa- 
ration of this paper. I also thank Giorgio Ottaviani for his useful advise 
on many occasions, his encouragement and for introducing me to the 
theory of quiver representations for homogeneous vector bundles. 

2. Principal parts sheaves. 

Throughout this article we will denote a n-dimensional pro- 

jective space over the complex numbers C, and this will be the only 
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algebraic variety we have to say something new about. Despite that, 
we find it useful to start in great generality, by recalling the definition 
given in [S] of the p.p. sheaves associated to a Ox-module on an ar- 
bitrary scheme X over a base scheme S. We denote J-" a Ox-module, 
X Xs X the fibred product over S, pi : X x X — ^ X for i = 1,2 the 
two projections and A C X x s X the diagonal. We also denote A^+i 
the multiple structure on the diagonal A C X x 5 X defined by the 
{k + l)-th power of the ideal sheaf Xa C OxxgX- Then Oa^+i 
has two different structures as a sheaf of Ox-algebras, coming from the 
maps p* : Ox — ^Pi^O^^.^^ for i = 1,2, which we will refer to as the 
first and the second Ox-algebra structure of OAfc+i, respectively. We 
recall that the principal parts sheaves of J-" are defined in the following 
way: 

V'iJ')=PuiP*2J'\A,J- 

This construction defines a covariant functor of the category of Ox- 
modules to itself. With a slight abuse of notation one can say that 
V^{J^) is identified with the sheaf Oaj.+i ®2 ^ ■, with the structure of 
Ox-module arising from the first Ox-structure on the factor Oa^.^^ . 

When X is a smooth algebraic variety one can think at V^{J^) as 
the sheaf with stalks given by all the Taylor polynomials up to the fc-th 
order of sections of J-" defined at G X, with respect to a given a set 
of parameters for xi, . . . ,Xn centered at xq. In general there exists a 
canonical sheaf map (but not a map of Ox-modules) 

(1) dk:F^V\F), 

mapping a local section defined at a point x to its A;-th Taylor polyno- 
mial at X. This map is defined by / (1 ®Os f) ^Oxxgx ^ ^ V^{J^), 
for any j ^ T . As a consequence, the image of generates V^{F) as 
a Ox-module. For example, assume X smooth with local parameters 
Xi, . . . ,Xn above and J-" a locally free sheaf with local basis ei, . . . , e^. 
Then a local section a{x) = J2 f{^)i^i of produces 

(2) 4(a) = J2 /^(^ + (^)'"'' 

In particular one sees that a generating set for the fiber V^J^{xq) is 
given by 

(3) {/if • ■ ■ hi"ei, : i = l,...,n, ji + ---+jn<k} 

When J-" is a locally free sheaf, there exist canonical exact sequences 
of Ox-modules: 

(4) o^s''n]^^j^^v\j^)^v''-\j^)^o, 

arising from the exact sequences 

— Xi/Xi+i — Oa,,, Oa, ^ 0. 
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The restriction P2-^| a^+i — ^^2-^1 a — ^ induces the surjection V^T — . 
Composing the map dfc : T — ^V^{J^) with the surjection above, one 
finds that the hnear map 

(5) H'^V\J')^H\J^) 

is surjective. We conclude this short introduction to p.p. sheaves by 
mentioning their universal property with respect to differential oper- 
ators. We recall that a differential operator of order between two 
Ox-modules D : J-" — ^ is a Ox-homomorphism and that differen- 
tial operators of order < k are defined inductively as those sheaf maps 
D : J-" — ^ Q such that for any local section a G Ox the operator 
Da-.J^^g defined by = D{af) - aD{f), with / G a local 

section, is a differential operator of order < k — 1. Then the following 
property holds. 

Proposition 2.1 (cfr. [8J Def. 16.8.1 and Prop. 16.8.8). D : T^g is 

a differential operator of order < k iff there exists a morphism of Ox- 
modules 9 : V^{J^) — ^g such that the following diagram is commutative 




v\j=)^^g 

Moreover, the morphism 9 is uniquely determined by D. 

3. Homogeneous vector bundles on projective spaces. 

In this article we will deal with the case X = F{V), with V = C^^^ 
and J-" = Cp(y)((i) a line bundle, which we will denote simply by 0{d). 
Recall that F{V) is the homogeneous space P(l^) = G/P with G = 
SL{n + 1) and P the parabolic subgroup consisting of matrices of the 
form 

with V e A e Gl{n) and A = det(y4)~\ acting on V on the left 
and fixing the set of hyperplanes which contain a; = (1 : : ■ ■ ■ : 
0) G P'^. Since 0{d) is a homogeneous line bundle, by functoriality it 
follows that V^O{d) are homogeneous for any k and d. Moreover the 
following exact sequences, deduced from (j4]), are built with G-invariant 
homomorphisms 

(7) Q^S^VL{d)^V^O{d)^V^-^0{d)^Q. 

In the study of the structure of V'^O^d) as a homogeneous vector bundle 
we will need some related notions of representation theory, so we will 
now enter into this topic in some detail. 
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P-modules and vector bundles. Let X = G/P be a rational ho- 
mogeneous variety, with G semisimple and P parabolic, and let x G X 
be the point associated with the lateral P G G/P. A G-homogeneous 
vector bundle E on X with fiber W = E{x) over x is associated with 
a representation p : P — ^GL{W) in the following way: E is the quo- 
tient of the product G x by the relation {g, v) ~ {g', v') iff there 
exists p E P such that g' = gp and v' = p{p~^){v). One denotes then 
E = Ep. As an immediate application of the correspondence between 
P-modules and homogeneous vector bundles one sees for example that 
the line bundle 0{1) is given by p{p) = A G G/(l), for any p G P of 
the form 

The Lie algebra P of P is the direct sum V = LieR®LieN = TZ®M- 
where R is reductive and N is the unipotent part. Note that in the 
case G = Sl{n + 1) and P as above, N is normal in P and P is the 
semidirect product P = N xi R. Moreover R is an extension 

l^Sl{n)^R^C*^l. 

We denote Q = H © the Cartan decomposition of the Lie algebra 
Q of G, with H the Cartan subalgebra of diagonal matrices and a 
varying in the set of roots of the form aij, for i,j = 1, . . .n + 1 and 
i 7^ j. We recall that the corresponding root spaces ^q,.^ are generated 
by the matrices Eij with 1 in the entry and elsewhere. We 

denote ai = 0:1,2, • • • , Q;„ = the usual choice of positive simple 

roots for Q. Following the notations of [6J, we denote the linear forms 
on H corresponding to the diagonal entries by i^i, . . . , Ln+i- 

They 

satisfy the relation Li + ■ — h L„+i = 0. We also denote Ai = Li, A2 = 
Li + L2, . . . , A„ = Li + ■ ■ ■ + L„ the fundamental weights. Since H is 
also a Cartan subalgebra for P, one can associate to V the same weight 
space as to namely the sublattice of l-i* generated by Ai, . . . , A„, cfr. 



Note the decomposition M- = Ga2.i © • • • © ^«„+i,i ^"^^ that A/l is 
the set of matrices 



V 

with V G C^. We consider also the decomposition Q = V ® A/+ with 
M+ = Gai,2 © • • • © the set of matrices of the form 



Q 

with w G C". Observing that the tangent space at P G G/P can be 
identified with A/+ = C", one can check that the tangent bundle Tpn, 
defined in general by the adjoint representation 

ad:V^Gl{g/V), 
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can be described equivalently as the representation 

ad{p){w) = Xn/A~^ 

for p an element in P as in ([6]). This means that Tpn is equal to 
the bundle associated to the dual of the standard representation of 
Sl{n) C R tensorized with the line bundle 0{1). 

Similarly, one can check that the adjoint representation 

ad: P^Gl{^-) 

can be described by 

(8) ad{p){v') = X-^Av, 

so it is isomorphic to the dual of the representation obtained above and 
associated to Tpn. In conclusion, the adjoint representation of P in Af- 
produces the vector bundle f2pn and moreover Qpn is equal to the bundle 
associated to the standard representation of Sl{n) C R, tensorized 
with 0{—l). Note that the maximal weight of the P-representation 
associated to i7 is L2 — Ai = A2 — 2Ai = —ai. 

Now we consider arbitrary representations of P. One knows that any 
representation of P is completely reducible if and only if its restriction 
to N is trivial by a result of Ise in [S], see also the notes [15J. This 
happens, for example, for the representations associated to Tpn and fl^n 
calculated above. Moreover, since TZ = C Q) sl{n), any representation 
of P restricted to R becomes completely reducible. Conversely, any 
representation a of R extends to a representation of p of P by letting 
N act trivially. If a is irreducible then by a result of Ramanan in [TH] , 
the associated vector bundle Ep is stable and it is called a irreducible 
homogeneous vector bundle. For example one can obtain in this way 
the stability of fipn, as well as the stability of all the bundles S^Qj>n[k) 
with the Schur functor defined by an arbitrary partition /i = (pi > 
P2 > ■ ■ ■ > Pn) and arbitrary k E 1^, since we know that Qpn is a shift 
of the bundle associated to the standard representation of Sl{n) C R. 
Note that "H is a Cartan subalgebra also for TZ, so Z(Ai, . . . , A„) is the 
weight space for TZ. Any irreducible representation of R is the tensor 
product of a irreducible representation of Sl{n) C R and a irreducible 
representation of C*. The representations of R induced from Sl{n) can 
be described by a maximal weight vector A = a2X2 + ■ ■ ■ + ctnAn with 
tti > for any i = 2, . . . ,n. On the other hand the representations of R 
produced by its quotient C* are described by a maximal weight vector 
of the form kXi with arbitrary /c G Z. So any irreducible representation 
of R is described by a maximal weight vector of the form kXi+Y^^=2 ^i'^i 
with Oj > for i = 2, . . . ,n, and the set of such vectors is the Weil 
chamber of R. 

Graded vector bundles. If P is a homogeneous vector bundle, then, 
as it was reminded above, it arises from some representation p : P — ^Gl{W) 
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and one may consider the restriction a of this representation to R. Then 
one knows that a = ©CTj a direct sum of irreducible representations. 
Extending a restriction back to P by letting act trivially, one gets 
another vector bundle gr{E) = ®Ei which is a direct sum of stable 
vector bundles, by Ramanan's result cited above. This is the graded 
vector bundle associated to E. We summarize the description of the as- 
sociated graded bundle, as resulting from all the preceding discussion, 
in the following proposition. 

Proposition 3.1. Let E is a homogeneous vector bundle and W its 
associated P-module. Then the associated graded bundle gr{E) is a 
direct sum of stable vector bundles Ei of the form 

E, = S^^n®0{d,), 

with fii = {rri~2 > ■ ■ ■ > rn'n) a partition and di an integer. This 
decomposition is obtained by considering W as a R-module and de- 
composing it into a direct sum of irreducible R-modules Wi of weights 
{di - YJi=2 + mfL2 H mi^Ln- 

As an application of the theory just recalled, and for later use in this 
article, we compute the graded bundles associated to any Schur functor 
S^{V (g) O). Let us write V = Cei® U, with U = the P- invariant 
subspace generated by 62, ... , Cn+i and whose associated homogeneous 
bundle we know to be One has the following result, certainly well 

known to the experts, but for which we provide a proof for convenience 
of the reader. 

Proposition 3.2. The graded homogeneous vector bundle associated 
to Sf^V ® O is the following 

(9) gr{S^V ® O) = S,[n{l)] ® 0{\^i\ - \u\) = @S,n® 

V V 

the sum extended over the set of all v G ^ with having no two 

boxes in the same column (cfr. [6j, exercise 6.12). 

Proof. The first case V ® O itself, whose associated representation 
p : P — ^ Gl{y) is the restriction of the standard one. Recalling the 
formula ([8]) for the ^-representation associated to f2 and restricting p 
to R, one finds the decomposition 

(10) gr{V ®0) =VL{1)®0{1). 

Note that one could have used as well the well known Euler sequence 

(11) 0^n(l)^F® 0^0(1)^0, 

observing that it is G-invariant and gives a filtration oi V ® O with 
irreducible quotients. To find the stratification of S^V ® C we proceed 
by induction on the lenght \p\. Formula ([9]) has already been proved 
in the base case \p\ = 1. Assuming \p\ > 1, we compute the restriction 
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of the G-representation S^V to Sl{n) C P using the formula in [B], 
Exercise 6.12, from which we obtain 

(12) Ressiin)S,V = ^SM 

with the sum extended to all those partitions u (Z n such that /i \ 
has no two boxes in the same column. This decomposition already 
says that gr{S^V ® O) is the direct sums of irreducible bundles of the 
form SyVt{dy) with z/ varying as above. To get the correct shifts dy 
we find it useful to consider the following construction. For any ix' 
with l/i \ /i'l = 1 consider the Fieri inclusion 5*^^^ — ^ S^j_iV ® V, also 
called a Olver map, see [20] for an explicit formula, and the G-invariant 
composition of sheaf maps 

(13) Sf,V ®O^S^'V ®V ^O^Sf,>V ®0{1), 

with the last map equal to the evaluation map. We consider also the 
direct product of all these sheaf morphisms 

ImVI=i 

From the explicit formula for the Olver map and the decomposition 
f lT2|) applied to S^V and to all the S^'V above, it follows that the 
kernel of 9 is induced from the representation S^f/ of Sl{n) C P. So 
one gets the exact sequence 

(14) 0^S^[Q{l)]^S^V®O ^ S^,V^O{l). 

ImVI=i 

By the inductive hypothesis we know that gr{S^'V^O{l)) = S^'^^ 
0{\fi'\ + 1) = Su'^ ® 0(|/i|), with /i' \ u' having no two boxes in the 
same column. Taking into account the decomposition f lT2|) that we 
already know, we get that gr{Sfj,V (8> O) is the direct sum ^^[(^(l)] © 
^ Su'^®0{\fi\), this last sum extended over all z/' C fi' as above, with 
varying fi'. This implies formula (jH]) for the given fi. □ 

Quiver representations. We will now briefly recall the theory which 
establishes an equivalence between the category of homogeneous vec- 
tor bundles on F{V) and invariant morphisms, with some category of 
representations with relations of a given quiver, associated to P(l^). In 
the literature this theory is actually formulated for homogeneous vector 
bundles on various classes of rational homogeneous variety X = G/P, 
starting with the article [2], but we limit our exposition only to the case 
X = F{V). We start mentioning the following fact, a proof of which 
can be found in [16] Theorem 3.1. Regarding Af- as a 7^-module by 
the adjoint action, it is known that the "P-module structure on W as- 
sociated to the originary bundle E is equivalent to the datum of the TZ- 
module structure on W, associated to gr{E), plus a 7^-equivariant map 
e ■.N'^^W — satisfying the property = 6 AO : /\^ Af^^W — ^W. 
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This is the same as a G-equivariant morphism 6 : gi^{E) — ^gr{E) 
satisfying = 6 A6 : /\^ gf{,E) — ^gr{E). The morphism 6 is zero 
if and only if E = gr{E), that is E' is a completely reducible vector 
bundle. 

Now let us fix a maximal weight vector rji for the i?-representation 
associated to any irreducible bundle Ei and let us denote 
the weights of fl. Writing gr{E) = ^Vi<^ Ei, with Ei the distinct 
irreducible bundles in the decomposition of gr{E) and Vi vector spaces 
accounting for the multiplicity of the appearance of Ei in gr{E), one 
decomposes a i?-morphism 6 as above into i?-invariant morphisms 6ij : 
Vi ^ Q ^ Ei — ^ Vj ® Ej. A key observation is the following (cfr. [T6] 
Theorem 4.3, Definition 5.5 and Corollary 5.4): 
(15) 

dim Hom^{n ® E„ E,) = | J ^^^h^'^^f ^ = ^ 

Moreover one has the isomorphism 

Hom^{n ® Ei, Ej) = Ext^{Ei, Ejf, 

see [in], Theorem 4.3. In our context of Sl{n) representations, we know 
that Ei and Ej have the form S^Q{h) and Sfj,>Q{k), respectively, and one 
can rephrase the observation above saying that Hom^{yt®Ei,Ej) = C 
if and only if 

Hom^{n{i) s^[n{i)]{h - |/i|), s^>[n{i)]{k - + 1)) = c. 

Passing to the associated ^^-representations, and denoting with L the 
i?- representation associated to 0{1), we get that the above equality 
holds if and only if 

Now one can apply Fieri formula and conclude that the above holds if 
and only if = 1 and h = k and HoimP{VL®Ei, Ej) = otherwise. 

In conclusion we have 

Ei = Sf,n{h) 

(16) Hom^{Q ® Ei, Ej) ^ ^ <j E^ = S^>n{h) 

/i C /i' and l/i' \ yu| = 1 

One then fixes a G-invariant morphism niij G HamPiVt ® Ei,Ej) = C 

in such way that mij{^k ®Tji)= rjj whenever rjj = rji + ^k- 

Going back to the case of a general P-structure on gr{E), we get that 

any i?-invariant morphism 6 G HomP{VL®gr{E), gr{E)) can be written 

as = Oij = 0(/jj ® rriij), with fij : Vi — ^ Vj linear maps of vector 

spaces. 
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The quiver Qpn. One defines the quiver Qpn associated to P" as 
the oriented graph with vertices [Ei], indexed by the set of irreducible 
bundles, and directed edges [Ei] — ^ [Ej] iff HomPiVt ® Ei,Ej) = C. In 
a similar way one defines the quivers Qx associated to more general 
rational homogeneous varieties, see [2], [16]. 

Observation 3.3. In \W\ Corollary 5.3 it is shown that for any arrow 
[Ei] — ^ [Ej] in Qpn one has ^{Ej) = fi{Ei) + fi{fl), and in particular 
the quiver Qpn is levelled, see Definition 5.1 in [16]. Moreover we can 
consider Qpn as a poset with ordering defined by [Ei] < [Ej] iff Ei = 
Si,fl{h) and Ej = S^Q^h) with u C fi, equivalently if there exists a 
sequence of arrows in Qpn starting at [Ei] and ending at [Ej]. Note 
that in this ordering any v ^ rj with \v\ = \ri\ produce incomparable 
elements. 

The quiver representation of a homogeneous bundle. Given the 
homogeneous bundle E, one constructs a linear representation [E] of 
the quiver Qpn in the following way. To any vertex [Ei] G Qpn one asso- 
ciates the vector space Vi defined above, and to any arrow [Ei] — ^ [Ej] 
the linear map fij : Vi — ^ Vj defined above. The condition 9 A 9 = 
imposes some relations between all these maps, i.e. some relations 
between compositions of the /jj's. We do not enter into the details 
of the construction of relations, we just mention that in [16] it was 
proved that for projective spaces, and more generally for grassmanni- 
ans, they are generated by the commutativity relations associated to 
any square diagram of /jj's. A morphism between two representations 
{{Vi}, {fij}) and ({IVj}, {gij}) of a quiver is in the natural way a set of 
maps ipi '■ Vi — ^Wi such that ipj ° fij = 9ij ° V'i for any The general 
result of this theory, stated for projective spaces, is the following (cfr. 
|16] . Theorem 5.9) 

Theorem 3.4. There is an equivalence of categories between the cat- 
egory of homogeneous vector bundles on P"" and invariant morphisms, 
and the category of representations with the given relations of the quiver 

Qpn. 

Definition 3.5. Given a homogeneous vector bundle E, the support of 
E is the subset of vertices of Qpn defined by supp{E) = {[Ei] \ V 0}. 
We also denote with Q\e the full subquiver of Qpn with set of vertices 
supp{E) and Q{E) the subquiver of Q, with the same vertices as Q\e 
and arrows [Ei] — >- [Ej] iff fij ^ . 

It will be useful to explain the effect of a non-zero map fij in the 
representation [E] associated to a homogeneous bundle E. We do this 
in the simple case gr{E) = E^ ® Ej and 9 : VL ® gr{E) — ^ gr{E) 
corresponding to the choice of a non-zero element in Hom'^{Q^Ei, Ej) 
as discussed above. Then the representation associated to E has Q{E) 
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equal to the subgraph [Ei] — ^ [Ej] of Qfn and it has [Ej] as sub- 
representation and [Ei] as quotient. Consequently, ii^ is in a G-invariant 
extension 

O^Ej^E^E.^O, 

which is not split since E is not completely reducible, because 6^0. 
So the given choice of a non-zero element in HowP{VL ® Ei,Ej) is 
equivalent to the choice of a non-zero element in Ext^{Ei, Ej)'^, which 
is then isomorphic to HoirP{VL ^ Ei,Ej) = C 

Slopes of quiver representations and stability. Given any re- 
ducible bundle gr{E) = Va CS) Ex, let us denote ax = dimVA and 
a = (ax) the dimension vector. Let us denote Kq{R — mod) the 
Grothendieck group of /^-representations. This is the free Z-module 
generated by the isomorphism classes of the irreducible bundles Ex, 
the isomorphism being defined by [gr{Ey\ i— )■ ^ axEx- Fixing a graded 
F = gr{E) and following [TU] and [TB] section 7, we introduce the 
natural homomorphism fip : Kq{R — mod) — ^Z, associated to F and 
defined by 

(17) fiF{Ex) = ci{F)rk{Ex) - rk{F)ci{Ex). 

Note that fiF^E) = 0. We introduce the following definition, taken 
from [10], Definition 1.1. 

Definition 3.6. The quiver representation [E] associated to E is said 
to be fi-semistable if for any subrepresentation [E'] one has fipigf^iE')) > 
0. It is called fi-stable if, in addition, the only subrepresentations [E'] 
for which ^p{gr{E')) = are [E] and [0]. 

The result that connects semi) stability of quiver representations 
and (semi) stability of homogeneous bundle is the following, whose for- 
mulation we extract from theorems 7.1 and 7.2 and the references 
therein. 

Theorem 3.7 (cfr. [TB], theorems 7.1 and 7.2). A homogeneous vector 
bundle E is semistable if and only if its associated quiver representation 
[E] is fi-semistable. Moreover [E] is fi-stable if and only if E = W ®F 
with F stable homogeneous and W a irreducible G-vector space. 

In the next result we complete the study of the P-module structure 
of the homogeneous bundles S^jV ® O hy describing their associated 
quiver representation. 

Proposition 3.8. Let £ = Sfj_V ® O with ^ any partition. Then 
supp{[£]) is the set of all [E^] = [S^fl{\fi\)] such that z/ C /i and /i \ 
has no two boxes in the same column. We have dimV^, = 1 for any 
such v. Moreover /^_^ ^ for any v,rj as above and \rj\i'\ = 1. In 
particular Q{S) = Q\£ and it is a connected graph. 

For the proof we need the following result. 
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Lemma 3.9. Let E and F be two homogeneous bundles with gr{E) = 
® -Ej and gr{F) = VTj ® Fj and quiver representations with 
maps Cij : Vi — ^Vj and fij : Wi — ^Wj, respectively. Let us also write 
gr{E®F) = Vg^G. Assume ^ for some i,j and consider any 
R-irreducible summand G C Ej^Fk- Then there exists some irreducible 
summand G' C Ei®Fk such that in the quiver representation associated 
to E ® F the linear map fee '■ — ^ Vg is non-zero. 

Proof. Consider Cj, Cj some maximal weight vectors with associated 
weights ?7j, rjj, associated to Ei, Ej respectively and n a weight vector 
in J\f- with associated weight ^h, such that rjj = rji + ^h- One can also 
assume that by means the Lie algebra action of A/"- on gr{E) one gets 
7^ n-(f (g)ei) = eij{v)iS)ej E Vj®Ej. Recall that gr{E®F) = 0(Mjfci® 
Vi ® Wk) ® Eiki, given a decomposition £'j ® = Mi^i ® En^i by the 
Littlewood- Richardson formula. Then the A/l-action on gr{E ® F) is 
given by 

n ■ {v ® e-i ® w ® fk) = Oe{v ® Ci) ® w ® fk + v ® Ci ® 6f{w fk), 

with 0E ■■ M- ® gr{E) — ^ gr{E) and 6f ■ M- ® gr{F) — ^ gr{F) the 
structure maps essociated to E and F. 

Now assume that a maximal weight vector for G is given as Cj ® fk, 
with fk G Fk some weight vector with associated weight ipk- The Lie 
algebra action on the tensor product gives n ■ {y ® Ci ® w ® fk) = 
Cijiv) ® Cj ® w ® fk + V ® Ci ® n • {w ® fk) ■ Note that the summands 
Cijiy) ® Cj ® w ® fk and ei ® n ■ {w ® fk) belong to linearly disjoint 
i?-invariant subspaces oi E ® F and that Cj ® fk ^ ^- Note that 
Cij iy) ® Cj ® w ® fk belongs to the isotypic component Mijci ®Vj® 
Wk ® G d Ej ® Fk and that we can assume Cijiy) 7^ by hypothesis. 
Moreover v ® Ci ® w ® fk has a non-zero component in some isotypic 
component Mcg ^Vi® Wk ® G' of Vi ® Wk ® Ej (g) Fk, which completes 
the proof. □ 

Proof of Proposition \3.Sl The statements about the support of [S] and 
the multiplicity spaces V^ have already been proved in Proposition 13. 2[ 
We use induction on to prove the statements about the arrows. The 
case = 1 follows from the existence of the Euler sequence flTT]) . Note 
that Q{S) is the graph — ^ [^(1)] in this case. Now assume the 
statement true for any partition u with 1 < < Given fi take a 
partition u G fi such that |/i \ = 1. Then there exists a G- invariant 
projection, given by the Fieri decomposition, 



s^v ®v Sf,V ® o. 
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Recall that gr{V ® C) = © C(l) and gr{S^V ® C) = S^>Q{\u\) 
with z/' varying as described in Proposition 13.21 Using the Fieri decom- 
position relative to R, one can see that 

gr{S,V^V0O) = ^C^^S,,Q{\u\ + l)® + 1). 

r;Dj/, \ri\u\=l 

Note that the first summand of the formula above is equal to gr{SuV^ 
0{1)) taken with multiplicity 2, and that the second summand contains 
the term Sf^Q{\fi\), appearing also in gr{£). We apply Lemma 13.91 
setting F = S^V ^ O, E = V ^ O, Ei = C(l), Ej = Q{1), Fk = 
SiyQ^ul) and G = S^Q{\fi\) C Ej ® F/.. The outcome is a non-zero 
arrow [C] — [G] in the quiver Q{E ® F), with G' necessarily equal to 

sMW\ + '^) = Sun{\fi\). 

Secondly, note that the quiver Q^S^V ^0{1)) is contained in Q{SuV^ 

V ^ O), since the first bundle is a quotient of the latter. Hence by 
inductive hypothesis any arrow [-Ej(l)] — ^[-E'j(l)] is present in Q{Si,V® 

V <^ O). Now, since £ is a quotient of Si^V ^ V ^ O, then the same 
holds for their associated representations. In particular it follows that 
any non-zero arrow [Ei] — ^[Ej] in Q{S^V^V^O) is sent to a non-zero 
arrow in Q{S), provided that [Ei] and [Ej] belong to Supp{S). Putting 
together the result obtained above about the arrows in Q{SuV ® V ® 
O), we see that in Q{£) one finds the arrow [S',yfi(|;u|)] — ^ [S'^fi(|yu|)], 
and any arrow [Ei] — ^ [Ej] already appearing in Q{Si,V ® 0{1)) with 
[Ei], [Ej] G Supp{£). By letting u vary arbitrarily under the conditions 
1/ C /i and l/i \ z^l = 1, and observing that Supp{£) \ {[S,^Q{\fi\)]} is 
covered by the sets Supp{S^V ® 0{1)), the proposition follows. □ 

4. The structure of V''{OpN{d)) 

We assume n > 1 and c/ G Z. As in the preceding sections, we will 
denote Opn with O. The following result is well known. 

Proposition 4.1 (see [IT] page 37, [19] Proposition 2.2). // either 
d>k ord<0 one has V^O{d) = S^V O 0{d - k). 

The approach of [T7] for proving the result above is based on the 
existence of the differential operators 

: C(a;o, ...,Xn)^S^V® C(a;o, . . . , a;„) 

defined by 

\i\=k ^ ^ 

with / = (zq, ■ . . ,in) denoting multi-indexes of degree |/| = Iq + ■ ■ ■ + 
in = k and (^) = k\/{io\ ■ ■ ■ ij.). Note that the operator above is the 
k-th power of the Euler operator ^ = ® 9j, with di = dx^, as 

an element of the commutative ring C[xo, . . . , x„] ® C[(9o, . . . , (9„]. We 
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are specially interested in the restriction of to the hne bundle 0{d), 
which one can view as a subsheaf of the constant sheaf with coefficients 
in C{xo, . . . ,Xn), identifying the local sections / G 0{d) with those 
fractions / G C(xo, . . . ,Xn) which are homogeneous with homogeneity 
degree d. In this way one gets an operator 

: 0{d)^S''V ^0{d-k). 

Note that ^'^ is Sl{n + l)-invariant for any k > 1. By the universal 
property of principal parts bundles with respect to differential opera- 
tors, one gets the Sl{n + l)-invariant sheaf morphisms 

Uk : V''0{d) S'^V ® 0{d - k), 

which are shown to be isomorphisms in the cases stated in Proposition 
14.11 On the other hand, if < (i < it is shown in [17J p. 37 that Uk 
is not an isomorphism, and more precisely one can prove the following 
results. 

Theorem 4.2. Assume < d < k, then the following facts hold. 

1. The canonical sequence 

Qk,d Void) V'Oid) 
is a split exact sequence, inducing an isomorphism 

V'0{d) ^ © Void) = Qk,d © {S'^V ® O). 

2. The morphism Uk '■ V^O{d) — ^S^V ® 0{d — k) induces an isomor- 
phism Qk,d = ker(r/^-'^ : S''V^O{d-k)^S'^V^O), withT] = J^di^^i 
and the power rj^ defined in the ring C[(92,-o, • • • , <9x'„] © C[a;o, . . . , 

A proof of this result has been already been sketched in [T7] , as men- 
tioned above, but we think it useful to provide a new one, substantially 
based on the same ideas, but using more explicit formulas, one of which 
we state in the following lemma. 

Lemma 4.3. Under the notations introduced above, the following for- 
mula holds, for any k > and f G C(a;o, . . . , a;„) homogeneous: 



(19) r^^^\f)) = kidegif)-k + l)e'\f). 
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Proof. We calculate 



djX^ (g) Xjdi{f) 
ij{x^ /xj) Xjdjf 



EC 
EC 



j,I : l-ej>0 



with Cj the j-th vector of the canonical basis of Z""^^ 



with the sum over those J s.t.| J| = k 
k{<legU)-k + l)e-\f). 



□ 



Proof of Theorem \4.S\ Using Proposition l4.H one knows that V'^0{d) = 
S'^V O, so the canonical sequence in the statement becomes 

^ Qk,d V^O{d) ^ ® C ^ 0. 

Recall also that the composition 

is surjective, so the exact sequence above is exact at the level of global 
sections. Finally, since P'^0{d) is trivial, one obtains the claimed split- 
ting 1. 

2. We need to carefully analyze the morphism Uk '■ V^O{d) — ^ S^V ® 
0{d — k). By the homogeneity of V^O{d) and the invariance of Uk 
one can concentrate oneself in calculating the effect of Uk at the fibre 
of V'^Oid) at p = (0 : ■ ■ ■ : : 1) G D{xn). We denote Zi = Xi/xn 
for i = 0, . . . ,n — 1 the standard set of parameters at p and the 
basis of 0{d) over any point of D{xn)- An arbitrary section of 0{d) 
regular over D{xn) has the form P/x^ with P = x'^'^^Pq + ■ ■ ■ Pd+h a 
homogeneous polynomial in xq, . . . , x„ of degree d + h, with h > 0. 
A generating set for the fiber of V^O{d) at p is therefore given by 
dk{P/x^)\p = Pj{zo-, • • • , Zn-i)x'^, obtained by applying formula ([2]) 
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and setting xf^ the basis of 0{d) on D{xn)- Note in particular that a 
basis for the fiber of V^Oi^d) at p is given by 

{z'xi : |J|<fc}. 

We have u,{d,{P / x^^)) = eiP/x^J = E '=0 {';W{l/x^)e-'iP), by 
applying the iterated Leibnitz formula for the power of the derivation 
^ with values in the ring C(xo, . . . , x„)®^. 

If h = one gets C,'^{P) = 0, since d < k and all fc-th order derivatives 
appearing in ^^(P) vanish. This means that the summand S'^V ® (9 of 
V^O{d) is contained in the kernel of Uk- Hence \m.Uk = Uk{Qk,d)- 

On the other hand, take a particular P/xJj with /i > of the form 
P/x^ = x'^^x'' , with J = (jo, • • • , jn-i) and d < \ J\ = t < k. Then 




Note that the terms containing ^^'^{x"^) vanish for k — j > t. Using 
the monomial ordering deglex with xq > • ■ ■ > a;„ on the first factor 
of C[xo, . . . , Xn] <8 C[xo, . . . , Xn], wc sce that ^''{P/x^) has a maximum 
term of the form cx'^ x^^ ® x'^^ , with c a non-zero constant. By letting 
x'^ vary among all the monomials in xq, . . . , Xn-i of degree t < k we see 
that S,^{x'^^x^) form an independent set in the fiber of S^V ®0{d — k) 
at p. Observing that dk{x'^~^x'^) = z'^xf^, we get that Uk{z-^ x'^) with 
d < \J\ < k are linearly independent. 

Now we claim that ri''~'^ ouk = 0. Indeed it is sufficient to show that 
^k-d Q ^fc _ g follows from an iterated application of Lemma 

14. 3[ showing that 

n {k-^){d-k + ^ + l)U^f) = 0. 

Hence Im(-Ufc) C ker?7^~'*. Observe that 

dimkerr^^-'^ = Tk{S''V ^ 0{d ~ k)) - ikiS'^V ® O) 
= rk(P^C(rf)) - rk(P^C(rf)) 
= Tk{Qk,d) 

^k + n\ / d + 
n J \ n 

and note moreover that 

k + n\ fd + n\ ^-^-^^ fk — i + n 



n I \ n 



=0 



^ \ n-l 
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Precedingly we showed that in the fiber of Uk{Qk,d) one can find hnearly 
independent elements of the form Uk{z'^x'l) for any d < \J\ < k, whose 
number is exactly the number above, hence maps the fiber of Qk,d 
isomorphically to the fiber of ker rj''-'^^ which completes the proof. □ 

With the same techniques as above one obtains the following proof of 
Proposition 14.1^ with some extra precisions which will be useful later. 

Proposition 4.4. For any k < d the map 

Uk : V''0{d) S'^V 0{d - k) 

is an isomorphism and there exists a non zero constant c such that the 
following diagram is commutative 

V^O{d) > v^-^o{d) 

S^V^O{d-k) s^-^v ^ 0{d ~ k + 1) 

Proof, (sketch) Under the assumption d > k and using similar calcu- 
lations as in the preceding proof one can shows the injectivity of Uk 
and hence that it is an isomorphism. The commutativity of the dia- 
gram above and the precise value of the constant c are given by Lemma 
Ol □ 

We study the stability of the bundle Qk,d- Preliminarly we observe 
that Qk,d is a homogeneous bundle with associated graded bundle and 
quiver representation described by the following proposition. 

Proposition 4.5. The bundle Qk,d ho,s an invariant filtration = 
Fk+i C Ffc C ■ ■ ■ C Fd+i = Qk,d with quotients Fi/Fi+i = S'Q{d) for 
i = d + 1, . . . , k. In particular gr{Qk,d) = ©^Ld+i S^Q{d). The quiver 
representation associated to Qk,d has multiplicity spaces Va = C and 
the quiver Q{Qk,d) is the following: 

^ ^[s^n{d)\. 

Proof. The existence of the filtration above is obtained factorizing the 
canonical surjection V^O{d) — ^T"^0{d) in the following composition 

V^O{d) ^V^-^0{d) ^ ^V^Oid) 

and recalling that the kernel of any map V^O{d) — >-V^^^O{d) is S^Q{d). 

To show the assertion about the quiver representation of Qk^ we use 
the identification Qk^d — ker r^^-<^ given by Theorem 14.21 From this it 
follows that the quiver associated to Qk,d is the difference of the quivers 
associated to S^V 0{d — k) and to S'^V ® O, which we know given 
by [S'^Q{d)] ... ^ [S'^nid)] and [S^n{d)] . . . ^ [S'^^{d)], 
respectively, as a consequence of Proposition 13.81 The stated formula 
for Q{Qk,d) follows. □ 
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Corollary 4.6. The quiver representations associated to V^O{d) for 
varying k and d have all multiplicity spaces V\ with dim V\ = 1 and the 
graphs Q{V'^0{d)) are the following: 

[S^VL{d)] [S''VL{d)] ford>k>Oord<0; 

[s'^nid)] [s^'nid)] u [S''+'n{d)] [s'^nid)] 

for k > d > 0. 

Proof. The cases d > k > and d < are dealt with the help of 
Proposition 14. H which gives the isomorphism V^O{d) = S''V^O{d—k) 
and with Proposition 13.81 applied to S^V = S'^V. 

The statement in the case k > d > is a. consequence of the isomor- 
phism V^O{d) = Qk4 © {S'^V (g) C), which implies that the associated 
quiver representation is the direct sum of the quiver representations 
associated to Qk,d and S'^V ^ O. □ 

We are now in position to show the following stability result for Qk,d, 
which, together with the results proved in Theorem l4.2l and Proposition 
I4.5[ completes the proof of Theorem 11.11 

Proposition 4.7 (end of proof of Theorem 11.11) . Qk,d is a stable ho- 
mogeneous bundle for k > d and n > 2. 

Proof. In view of the result stated in Theorem 13.71 it is sufficient to 
show that the quiver representation [Qk,d] is /^-stable as in Definition 
13.61 and that Qk,d is not isomorphic to any bundle of the form 5*^^ (g) E 
with E stable homogeneous. Writing E = gr{Qk,d) and adopting the 
notations preceding Definition 13.61 we have to show that ^p{E') > 
for any E' corresponding to a subrepresentation of [Qfc.d], and moreover 
that ^f{E') = only for E' = [Qk,d] or 0. Using the description given 
in Proposition 14.51 one can see that the non zero subrepresentations of 
[Qk,d] have the form 

(20) [S'n{d)]^ -[^^^](rf)], 

with i > d+l. Denoting with fJ^{S) = Ci{£)/Tk{£) the ordinary slope of 
sheaves in P", we recall that /i(fi) = — 1 — 1/n < and that fi{S^Q{d)) = 
z/i(f2) + d, from which we get the inequalities 

/i(5'^+^fi(d)) > ■■■ > fx{s^n{d)). 

Applying the standard inequalities on slopes, it follows that f^{E) > 
n{S'^l{d)®- ■ ■®S''n{d)) for any d+l < i < k, with equality only for i = 
d+l. If i?' is a subbundle of Qk,d corresponding to a subrepresentation 
as in (l20l) . from the formula (fTTIl we obtain ixp{E') = ci{E)rk{E') — 
rk{E)ci{E') > 0, with equality only if i = d + l. Hence [Qk,d] is 
/i-stable. 

Now we have to exclude the possibility that Qk,d — Sfj,V ® E with non 
trivial fi. If such a isomorphism exists, we show first that then neces- 
sarily S^V = S^V for some h. Indeed assume on the contrary that /i 
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has more than one row. Then by Proposition 13.21 in Q(5'^V" ® O) there 
would exist incomparable vertexes under the ordering described in Ob- 
servation 1231 for example all the vertexes [S'i,f2(|/i|)] with \fi\i^\ = 1. 
Given a vertex Ei = [Sa^{l)] in gr{E) choose a irreducible summand 
Giy of Su^{\fi\) Ei for any z/ as above. Observe that is associated 
to some partition ly' with |z/'| = |z/| + |a| = + — 1 independent of 
I/. Hence the vertexes [Gu] of Q{Sf^V ®E) would be incomparable, con- 
tradicting the known structure of the quiver associated to Qk,d- Hence 
we are left with the possibility that QkA — S^V^E for some h > and 
homogeneous vector bundle E. If gr{E) contains a component given 
by a line bundle, since we know that gr{S^V ® O) contains 0{h) as 
a component, then also in gr{Qk d) we would find a line bundle com- 
ponent. However this contradicts the fact that the only components 
of gr{Qk,d) are S^VL{d) with i > ci + 1 > 0, which are not line bun- 
dles since n > 2. So we are left with gr{E) without any line bundle 
component. Then any component of gr{E) is of the form [S'afi(/)] 
with a a non trivial partition. Consider also the component S^fl{h) 
of gr{S^V ® O). Then in gr{Q].^fi) we would find all those component 
coming from Sci^{l) ® S^Q{h), which have the form Si,Q{l + h), where 
u is any partitions obtained from a by adding k boxed to it, with no 
two on the same column. Since a is non trivial one can easily see that 
there are at least two of such z/, and they will produce incomparable 
elements in Q{Qk,d), a contradiction. □ 

Question 1. Note that in this way we have shown also the stability of 
the kernel of the sheaf epimorphism 

for any k > d > 0. Then replacing rj^ with a sufficiently general map 
between the same sheaves one gets that ker(0) is also stable. This 
leads quite naturally to ask for numerical conditions on dim U, dim W, 
n and / so that a general map 

: f/ (g) Cpn (-Z) ^ (g) Cpn 

has stable kernel. An answer to this question can be viewed as a non 
trivial extension of the results in |3] and |13] , which provide conditions 
for the stability of ker((/)) in the case dim W = 1. 

5. Global sections of V^O{d) and Taylor truncation maps 

In this section we provide the proof of Theorem 11.21 about the rank 
of the Taylor truncation map 

H^V^O{d)^H^V^'0{d), 

which arises from the canonical sheaf epimorphism 'P^O{d) — ^V^O{d) 
defined for any k > h and d. From the preceding section we know 
V'Oid) ^ S'^V ^ 0{d - k) ioT d > k or d < and V''0{d) ^ Qk,d ® 
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{S'^V ^ O) ioT < d < k. So H^V^O{d) is easily computed when 
d>koTd<0, precisely we have H^V^o\d) = S'^V^S'^-^V for d > k 
and H^V^O{d) = for c/ < 0. This already shows that Theorem II .21 is 
trivially true for d < 0. To compute the global sections H^V^O{d) in 
the case < ci < we need to know the global sections of Qk,d- For any 
I we can compute the cohomology groups and of 5'*f2(/) using 
Bott's theorem, according to the formulation given in [11] theorem 
5.14. Remind that by Bott's theorem only one of the cohomology 
groups H^S^Q{1) can be non zero, with j determined accordingly to the 
position of the maximal P-weight of S'^Q{1) in the weight space. From 
the formula appearing in Proposition 13.11 we know that the maximal 
P-weight associated to S''Q{1) is A = (/ — i)Li + iL2 = — 2i)Ai + iX2- 
If / > 2z then, setting g = Yl^=ii '^^^ finds that X + g belongs to the 
interior of the Weyl chamber of Sl{n + 1) and then Bott's theorem 
says that H^S^Q{1) = Vx = S(i-i^i)V. We have therefore the following 
formula: 



(21) H^S'n{l) 



Sil^^,^)V if/>2z 

otherwise 



Let us now assume / < 2i and let w be the element of the Weyl group 
given by the reflection with respect to the hyperplane orthogonal to 
«!, and let us denote the Killing form for Sl{n + 1) with (-, ■), see [0] 
for the notations. We have 

w{X + g) = X + g-2— — ai 

= A + ^-(/-2z + l)(2Ai-A2) 

n 

= (2i-Z-l)Ai + (/-z + 2)A2 + ^Ai, 

i=3 

which belongs to the interior of the Weyl chamber of Sl{n + 1) iff < 
l — i + 1 < i. In this case by Bott's theorem we have H^S^Q{1) = Vy with 
Vy the irreducible representation of Sl{n + 1) with maximal weight v = 
w{X+g)-g, i.e. z/ = (2z-/-2)Ai + (/-z + l)A2 = (z-l)Li + (Z-i + l)L2. 
Hence we obtain the following formula fo H^: 

(22) H'S^m = I if < / - z + 1 < ^ 
^ U otherwise 

Applying the results above to the irreducible components of Qk,d we 
see that H'^S''Q{d) = for any i = d + 1, . . . , k, and then, using the 
filtration from Proposition 14. 5[ one sees easily that H^Qk,d = 0. Hence 
one has the following result. 

^d-ky for d > 

(23) H^V^O{d) = { S'^V foTO<d<k 

for (i < 
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This allows to deal with one more case of Theorem ll.2[ namely the 
case h < d < k. Infact, using the composition 

and the isomorphism H^V^O{d) = H^V^Oid) = S'^V just proved, we 
can reduce the case h<d<k to h<d = k. Therefore the proof of 
Theorem 11.21 will be complete after treating the case h < k < d. From 
Proposition 14.41 one deduces the existence of the commutative diagram 

V''0{d) > V^O{d) 



S''V^O{d-k) S^V^O{d-h) 

for a suitable non zero constant c. Using the results and the notations 
of the preceding section, we see that 

keir]''-'' = Qk,h{d-h). 

Moreover, taking global sections we get the linear map 

(24) 7]''-'' : S'^V ® S'^-'^V S'^V ® S'^" V, 

with the explicit formula 



I rl — I. ^ 



\I\=k-h 

Recall that S'V^ can be identified with S'{Cdo®-- -^Cdn) by identify- 
ing the dual basis of the monomials [x^)* with the basis of differential 
operators d'/I\, with /! = /q! ■■■/„!. In this setting one can write 
^k-h _ _ ® ■ Knowing that multiplication by a ho- 

F 

mogeneous polynomials F, defined as a map S'^V — ^ 5'«+deg(F)y^ -g 

(■,F) 

dual to the contraction S''~^'^'^^^^^V'^ — ^ 5**1^^, we see that the map 
^k-h jg self-adjoint under the linear isomorphism Sym'V^ = Sym'V 
identifying {x')* with x^ . With this set up, we can reduce the proof 
that the map ([21]) has maximal rank to the case of injectivity, i.e. to 
the following statement. 

Proposition 5.1 (End of proof of Theorem ll.2l) . Under the assumption 
thatdim{S^V^S'^~''V) < dim{S''V ^ S'^-'^V) the map g is mjective. 

Proof. The dimensions of domain and codomain of the map (124|) are 
(TK'^'n^") and (^+")('^-;;+"), respectively. We claim that the in- 
equality (^-^+") < (^;") (''^^+") is equivalent to c^-A; < h. Indeed 
we can rewrite it"as {d~k+ny ^d-k+k-h+n^^ ^ ^h+ny ^h+k-h+n^^ 

serve that the function ("t") / ("^''f ''"^") = Iirri ,+^^1+" is increasing 
for X > 0. The kernel fl2^ is H^Qk,h{d — h) so we aim to show that 
H^Qk,h{d - h) = Q ii Q < d - k < h. Recall the filtration oiQk,h{d-h), 
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known by Proposition I4.5[ with quotients S'^Q{d) for i = h + 1, . . . k 
and the associated quiver 

[sh+^n{d)]^ ^[s''n{d)]. 

We will apply Theorem A of which in this context says that if for 
some i = h + 1, . . . , k one has H'^S'^Q{d) = U 7^ as a G-module and 
if there is also some j < k such that H^S^fl{d) = f/ as a G-module, 
then U does not appear in the decomposition of H^Qk,h{d — /i) as a 
G-module, otherwise it does. If < 2{h + 1) then all H'^'s'n{d) = by 
fl2T|) and hence one has immediatedly H^Qk,h{d — h) = 0. Otherwise 
we have 2{h + l)<d<h + k and define r as the maximum such that 
2r < d. For any i > with /i + 1 < z < r one has H'^S'n{d) = Sd-i,iV 
by ([21]) and S'^-'+^nid) = Sd-uV by ([22]), so it remains to show 
that d — i + 1 < k. This follows from d<h + k<i — 1 + k. □ 

Remark. Note that, because of the necessary and sufficient condi- 
tion d < h + k for injectivity given in the preceding proof, the Taylor 
truncation map 

H^V''0{d) H°V''0{d) 
can be either injective or surjective and both cases can occur. 
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